Measurements of the open circuit voltage of Li-ion cells have been extensively used as a nondestructive characterisation tool. Another technique based on entropy change measurements has also been applied for this purpose. More recently, both techniques have been used to make qualitative statements about aging in Li-ion cells. One proposed cause of cell failure is point defect formation in the electrode materials. The steps in voltage profiles, and the peaks in entropy profiles are sensitive to order/disorder transitions arising from Li/vacancy configurations, which are affected by the host lattice structures. We compare the entropy change results, voltage profiles and incremental capacity (dQ/dV) obtained from coin cells with spinel lithium manganese oxide (LMO) cathodes, Li 1+y Mn 2Ày O 4 , where excess Li y was added in the range 0 r y r 0.2. A clear trend of entropy and dQ/dV peak amplitude decrease with excess Li amount was determined. The effect arises, in part, from the presence of pinned Li sites, which disturb the formation of the ordered phase. We modelled the voltage, dQ/dV and entropy results as a function of the interaction parameters and the excess Li amount, using a mean field approach. For a given pinning population, we demonstrated that the asymmetries observed in the dQ/dV peaks can be modelled by a single linear correction term. To replicate the observed peak separations, widths and magnitudes, we had to account for variation in the energy interaction parameters as a function of the excess Li amount, y. All Li-Li repulsion parameters in the model increased in value as the defect fraction, y, increased. Our paper shows how far a computational mean field approximation can replicate experimentally observed voltage, incremental capacity and entropy profiles in the presence of phase transitions.
Introduction
The growing demand for rechargeable batteries in electric vehicles and for stationary storage not only requires higher energy and power density, but also improved durability and safety. [1] [2] [3] [4] [5] One source of performance fade or failure in Li-ion cells is structural change in the electrode materials during cell operation. 6 A range of in situ methods have been developed and many of these have been applied to diagnose real-time changes in electrode structure from either thermal (calendar) aging or during prolonged charge/discharge cycling. [7] [8] [9] [10] Additionally, there is a need for rapid validation of the electrochemical characteristics and quality of Li-ion cells from different suppliers. Improved quantification, ideally at the level of atomistic structureproperty relationships, is needed to interpret existing in situ characterisation tools.
One class of promising techniques is based on thermodynamic measurements, a particular example of which is entropy profiling (EP). [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] This technique is based on the principle that the partial molar entropy change is proportional to the temperature response of the open circuit voltage (OCV) of a cell, by
where E OCV is the open circuit voltage, T is the absolute temperature, p is the pressure, x is the fraction of Li intercalated in the electrode (0 r x r 1), n is the number of electrons transferred per extractable Li atom in the anode or cathode, F is the Faraday constant and the S is the entropy per mole of extractable Li. 17 These profiles are sensitive to order/disorder transitions in the Li/vacancy structure. 16, 21, 24, 29 Thompson et al. performed the first EP study on Li x TiS 2 electrodes. 12 Selman et al. performed electrochemical-calorimetric measurements on Li x Mn 2 O 4 13 and commercial Li-ion cells. 14 Reynier et al. investigated the entropy change upon intercalation into graphite and disordered carbons. 15, 16 The entropy change during Li intercalation in graphite was recently investigated theoretically by Leiva et al. [30] [31] [32] Later work also investigated the entropy change in cathode materials, including Li x CoO 2 , 10, [17] [18] [19] Li x+y Mn 2Ày O 4 spinel, [20] [21] [22] [23] where y represents an excess amount of Li substituted in the 16d octahedral sites, Li x M y Mn 2Ày O 4 , 20, 24, 25 where M denotes a metal defect, nickel manganese cobalt (NMC) based layered materials 26 and olivine Li x FePO 4 . 27, 28 Furthermore, Maher et al., 10, 33 Osswald et al. 26 and Hudak et al. 18 examined the effect of prolonged charge/discharge cycles and calendar aging on the measured entropy profiles. They observed changes in the magnitudes of the peaks in profiles that were attributed to separate structural changes at the anode and cathode. A more comprehensive overview of entropy change measurements is available in a recent review by Zhang et al. 11 Spinel lithium manganese oxide (LMO) electrodes are an attractive, low cost and non-toxic alternative to the many layered cathode structures currently used in commercial Li-ion cells. Entropy profiles of the stoichiometric compound, Li x Mn 2 O 4 (0 r x r 1), show two well defined peaks. The peaks arise from the formation of an ordered phase, Li 0.5 Mn 2 O 4 at intermediate state of charge, and a transition to a disordered solid solution phase either side. 29, [34] [35] [36] [37] [38] To better understand voltage and entropy profiles and enable more definitive structural assessments from them, we developed a Monte Carlo based model to quantify the changes in the EP peak amplitudes dependent on the proportion of point defects in Li x M y Mn 2Ày O 4 spinel (M = Co, Cr). 37 We showed that the experimental trends could be explained by pinned Li sites, required for charge balance, which occur in proportion to the defect fraction, y. More pinned Li sites imply that the ordered phase becomes progressively disrupted, resulting in a reduction in the EP and dQ/dV peak amplitudes.
To date, the information obtained from entropy profiling has been largely qualitative. Two approaches, which have already been applied to open circuit voltage (OCV) profiles 36, [39] [40] [41] [42] [43] [44] could be considered to also understand entropy profiles at a more quantitative level. On the one hand, ab initio approaches based on effective cluster interactions (ECIs) could be applied within a density functional theory (DFT) framework. 36, 39, 40 Although computationally complex and computer time intensive, these methods rely on minimal input parameters from experiments. On the other hand, parametric models can be directly fitted to experimental OCV profiles. [41] [42] [43] [44] Although allowing rapid agreement between the models and experiment, the physical interpretation of the various parameters within the models, particularly the ones related to Li-Li interactions, is often unclear. Without an understanding of these parameters, it can be difficult to interpret the models when the cell chemistry is continuously changing, such as during cell aging.
The present work strives to gain an atomistic interpretation of OCV and entropy profiles while at the same time modelling experimental profiles with high throughput and accuracy. We focus on systematically varied cathode compositions, Li 1+y Mn 2Ày O 4 , in which a proportion, y, of Mn on the 16d sites is substituted by Li. To demonstrate the value of EP, we performed EP alongside standard voltage and dQ/dV characterisation, in coin cells with LMO cathodes prepared with excess Li values, y (0 r y r 0.2). This work sheds new light on the microscopic origins of the peaks observed in dQ/dV and EP, explaining how and why their amplitudes and positions change.
Methods

Synthesis of Li 1+y Mn 2Ày O 4
All samples were prepared by a solid state reaction of LiMn 2 O 4 (Alfa Aesar) and Li 2 CO 3 (Sigma Aldrich). The LiMn 2 O 4 powder was thoroughly mixed with the proportional amount of Li 2 CO 3 in order to obtain the desired stoichiometry of Li 1+y Mn 2Ày O 4 . The mixture was heated up in a tube furnace to 600 1C for 18 h in air with a heating and cooling rate of 7 1C min À1 . Table 1 gives an overview of the synthesis conditions, the nominal amount of lithium from the synthesis and the lattice constants a of the samples, determined by X-ray diffraction (XRD) measurements.
Diffraction data was collected on a Rigaku Smartlab 9 kW using Cu Ka radiation (l = 1.54 Å) over a 2y range of 15-901 in Bragg-Brentano geometry with a step size of 0.011. The lattice parameters were determined from the XRD pattern using the Rigaku PDXL 2, based on the crystal structure reported by Berg et al. (ICSD 50415). 45 
Electrochemical characterisation
For electrochemical testing, the different active materials were mixed with Super P (Alfa Aesar) as a conductive carbon and Solef PVDF (Solvay) as a binder in a ratio of 8 : 1 : 1. The resulting slurries, made with NMP (Sigma Aldrich), were coated on a 20 mm aluminium current collector and initially dried on a hot plate at 70 1C, then stored overnight at 50 1C under vacuum. Coin cells were assembled in a dry room using a Celgard 2325 separator, 150 mm Li foil (PI-KEM) and LP57 electrolyte: 1 M LiPF 6 in EC/DMC (3 : 7 vol%, BASF). A BaSyTec CTS cycler was used for the electrochemical and entropy characterisation. Two full galvanostatic cycles were performed on the half cells, each cycle comprising a galvanostatic charge starting from rest at 10 mA g À1 to a maximum voltage of 4.3 V vs. Li/Li + . To ensure that the cell had reached its maximum state of charge, the cell was held at a constant voltage of 4.3 V for one hour. The cell was then galvanostatically discharged between 4.3 and 3.4 V at 10 mA g À1 , thus ending one cycle. Voltage profiles were recorded at a high data acquisition rate of one data point per second. The dQ/dV curves were obtained firstly by numerical differentiation of the voltage curves from the second galvanostatic cycle, with charge and discharge being treated separately. The curves were then smoothed over 200 data points.
Entropy measurements
A custom made direct cooling and heating setup was used to change the temperature of the coin cells. The system consisted of an aluminum heat exchanger, in direct thermal contact with the coin cells, which is connected to a Julabo F12 refrigeratedheating circulator, allowing precise control over the temperature. The temperature was monitored by type-J thermocouples connected in multiple positions to the aluminium heat exchangers, which verified that temperature variation across the exchanger was negligible. For high resolution voltage and temperature acquisition a Keysight 34970A data logger was used. Entropy profiles were performed after fully charging the cells at 10 mA g À1 (with respect to the active mass of cathode material) to 4.3 V followed by a constant voltage step at 4.3 V for 2 hours.
To ensure all entropy measurements gave information comparable to the charge/discharge cycles, entropy measurements were performed immediately after two charge/discharge cycles as described in Section 2.2. After the second discharge, the cell was charged up to 4.4 V and held at constant voltage for two hours. This constant voltage step ensured that the cell was at maximum state of charge prior to commencing entropy profiling. To perform a full entropy profile, the cells were discharged stepwise with a current rate of 10 mA g À1 for 15 min, followed by voltage relaxation under open circuit (OC) conditions for 15 min. Both steps were performed at a temperature of 20 1C. Remaining under OC conditions, the temperature was then changed in 3 1C steps from 20 to 14 1C, each with a relaxation time of 15 min. Each iteration, shown in Table 2 , was repeated 50 times or until the cell voltage was less than 3.8 V.
To minimize the possible effects of self-discharge and to ensure that these rapid measurements were accurate we used our previously developed open circuit voltage (OCV) fitting and drift subtraction algorithms, described in detail by Osswald et al. 26 The variable of interest, DS conf , the configurational entropy of Li/vacancy arrangements is measured by EP. However, there are also vibrational and electronic contributions, DS vib and DS elec , from the Li metal anode and the cathode, 17 so that the total DS obtained through EP is
The metallic Li anode can be considered as an infinite Li reservoir, with no lattice rearrangements possible during (de)intercalation. Hence, it can be considered to have a configurational entropy of zero 17 and is expected to contribute negligibly to the entropy profiles compared with the configurational entropy change of the cathode. In the entropy profiles of Li x CoO 2 , DS elec was shown to be negligible and this is likely to be true for all semiconducting transition metal oxides. 17 According to Fultz et al. 17 DS vib can be treated as a constant background contribution across the intercalation range. We adopted this approximation in our numerical optimisation procedures, as described in Section 2.5.
Statistical mechanical model
Our modelling approach is based on the one adopted by Leiva et al. who applied the model to graphite. 31, 32 The calculations were performed within the canonical ensemble, under the Bragg-Williams approximation.
For the spinel lattice Li x Mn 2 O 4 , (0 r x r 1), the Li atoms adopt a diamond lattice structure, which can be reduced to two laterally separated face centred cubic sublattices, as shown previously. 29, 34, 46 We considered a lattice of 2M sites, where M is the number of sites on each sublattice. A total of M = 100 was found to be fully converged with respect to the system size and this value was used in all simulations. Given two fractional sublattice occupancies n 1 and n 2 , such that 0 r n 1 ,n 2 r 1, the overall fraction of Li on the 8a sites, x, is given by
The total number of occupied sites, N, is N = 2Mx. The assumption of the Bragg-Williams approximation is that all Li/vacancy configurations for a particular set of values n 1 and n 2 are degenerate, where the number of degenerate energy levels is O j for a state j. In practice, for a given x value, the calculation is performed by enumerating through all possible values of n 1 and n 2 , assuming the energy expression is not affected by the local arrangement of Li atoms. Under the assumption that the different configurations for fixed n 1 and n 2 are degenerate, we can write the Hamiltonian, H(N,M) which describes the energy of the entire system, as
where hN 1 i = hn 1 iM and hN 2 i = hn 2 iM are the total number of atoms on sublattices 1 and 2 respectively, and the brackets here denote averaged quantities. We used a pairwise interaction model for the spinel lattice, similar to the one adopted elsewhere. 29, 34, 37, 46 In the filled lattice, x = 1, each Li atom has N nn = 4 nearest neighbours on opposite sublattices and N nnn = 12 next nearest neighbours on like sublattices. The pairwise interaction model is shown in Fig. 1 . he 1 i and he 2 i, the average energies per site associated with each of the sublattices, are given by
where e 0 is the point term for Li-lattice interactions, J 1 and J 2 are the nearest and second nearest neighbour interaction parameters, respectively and d is an energy separation between the J 2 parameters on each of the sublattices. The prefactors of 1/2 have to be included on both pairwise interaction terms to avoid double counting each pair. We can define the partition function, as shown by Leiva et al. 31
where the index i indicates summation over all possible Li/vacancy configurations while index j indicates summation over degenerate energy levels, E j , where the degeneracy is given by O j . Our own code, written in Python 2.7.12, was run on a conventional PC, exploiting the summation over j to reduce the computational burden. O j can be determined as using the expressions shown elsewhere, 31 
otherwise
We used the Stirling approximation, lnðk!Þ % ln k e k ! ¼ kðlnðkÞ À 1Þ on the terms O j .
As for the energy terms, E j , these can be determined by
We can write modified forms of eqn (5) and (6), but now in terms of the index, j
where the terms e 1 and e 2 describe the energies per site of sublattice 1 and 2, respectively, dependent on j. The sublattice occupancies n 1 and n 2 in eqn (11) and (12) are explicitly determined by the index j while performing the summation in eqn (7), i.e. for N o M, n 1 = (N À j)/N and n 2 = j/N. Similar expressions for these occupancies can be determined by inspection of eqn (10) when N Z M. From the partition function, eqn (7), the chemical potential, m, can be determined as
and we used similar thermodynamic expressions, shown elsewhere, 31 to evaluate the partial molar entropy. From the relationship V = Àe/m, where V is the voltage versus a metallic Li anode, 47 all simulated voltage profiles were determined. Eqn (5) and (6) are very similar to the ones applied previously to Li x Mn 2 O 4 and graphite. A new development is the introduction of the term d. This was motivated by previous experimental dQ/dV studies, 34, 48 along with our own results, which indicated two different peak amplitudes for Li x Mn 2 O 4 . With pairwise interactions, this asymmetry cannot be explained with the usual assumption of d = 0, because in this instance the interactions are symmetric with respect to particles and vacancies.
To describe the effect of excess Li in Li x+y Mn 2Ày O 4 , where y is the amount of Li placed on the 16d sites, we assumed a total of 3y 8a sites were pinned to the lattice in random positions, as proposed and modelled by Gao et al. 34 The Li occupations on the 8a sites can then be expressed as
where 0 oz 1 ,z 2 o 1 are the fractional occupations of removable Li on the remaining unpinned 8a sites. Then all other thermodynamic variables were determined as for the specific case y = 0, except that the degeneracy, O j , was evaluated over a reduced number of sites, M 0 = M(1 À 3y). We assumed a priori that the interactions from these sites were unaffected by excess Li, hence the totals N 1 and N 2 in eqn (4) included all 8a Li sites.
Numerical optimisation
To fit experimental and simulated data, the Nelder-Mead simplex optimisation method was used. 49 This was implemented using the ''minimize'' function from the Scipy library of Python.
In particular, to ensure reliability of the parameters, dQ/dV and entropy profiles were fitted simultaneously, so that the overall objective function of the minimization, f (y), was given by
where arg min f Q 0 ðyÞ
and arg min f S 0 ðyÞ
where f Q 0 (y) and f S 0 (y), are the respective objective functions for dS/dx and dQ/dV respectively, Q i 0 , S i 0 refer to the experimental dQ/dV and dS/dx results, Q i 0 (y) and Ŝ i 0 (y) are the corresponding simulated data and y, the arguments of the minimisation, were given by
where all variables, apart from DS vib , were defined in Section 2.4. As for DS vib , it is a correction term to the entropy profiles arising predominantly from vibrational contributions to the entropy. 17 Based on the inelastic neutron scattering experiments of Fultz et al., 17 it was treated a constant vertical correction to the dS/dx profiles; it was assumed to have no effect on dQ/dV. The experimental data points were interpolated onto the range of points from the simulated data using the ''interp1d'' function from the Scipy library. Cubic spline interpolation was chosen.
The weighting factor of 4 in eqn (16) was determined by independent fitting of Q 0 and S 0 . For all 5 excess Li values tested, it was found that the value of the objective function in S 0 (eqn (18)) was approximately 4 times that of Q 0 (eqn (17)). For convenience, we use the shorthand notation 4Q 0 and S 0 for the quantities in eqn (17) and (18), respectively. To ensure reliability of the optimisation method it was found to be critical to determine a suitable initial trial value for the simplex optimisation. This was achieved by starting with a brute force grid search. The grid was a 5-dimensional array with uniformly spaced points, whose limits were successively reduced in size between successive grids. This was achieved by determining the value of f (y) from the previous grid, and using the input arguments y to determine the limits of the new grid.
The starting values of the simplex search are specified in Table 3 , where y 0 min , y 0 max , y 0 int were the maximum value, minimum value, and grid interval for each respective parameter of iteration 1, respectively. The grid was dynamically updated, using the optimal solution from the previous search to determine the next grid. The corresponding values of y i min , y i max , y i int (first iteration i = 0) were determined by
where i denotes the number of the iteration and f (y) iÀ1 denotes the optimal function value determined from the previous iteration. 6 successive grids were applied (up to and including i = 5) and the arguments y corresponding to the smallest objective value obtained from all 6 grids was used to initialise the simplex search. It was found that this procedure was the only way to guarantee reliable fitting when the excess Li content, y, was greater than 0.10.
To avoid a fitting bias towards the end points of the state of charge, for both f Q 0 (y) and f S 0 (y) the fit was constrained to data points in the range 3.95 V r V r 4.15 V, where V is the voltage. Output from the fitting process is presented in the ESI, † Fig. S1.
Results
X-ray diffraction
The XRD pattern of Li 1+y Mn 2Ày O 4 with different values of y are shown in Fig. 2a . On the right hand side, the (111) peak is highlighted over a narrower Bragg angle range. With higher lithium content the reflections shift to higher 2y values compared to those of stoichiometric LiMn 2 O 4 . The enlarged XRD pattern highlights this shift and as result the lattice parameters of the Fd% 3m unit cell decrease with increasing excess Li. The decrease of the lattice parameter a follows an approximately linear relationship with the nominal amount y in Li 1+y Mn 2Ày O 4 in the investigated range ( Fig. 2b) , in good agreement with reported results. 50, 51 The theoretical average oxidation state of manganese increases from 3.50 (y = 0) to 3.78 (y = 0.20), also shown in Table 4 , i.e. the proportion of Mn 3+ decreases with y. The ionic radii of Mn 3+ and of Mn 4+ are, respectively, 0.65 Å and 0.53 Å. 52 By substituting Mn 3+ with Li + ions the proportion of the larger Mn 3+ ions decreases, resulting in a concomitant decrease in unit cell size.
Voltage profiles
For completeness and to ensure the validity of our results, we show voltage profiling results over a range of compositions, which are in line with those already published. 2, 53 The stoichiometric compound, defect concentration y = 0 has poor capacity retention between the first charge and first discharge cycles, as shown here and elsewhere. 34, [54] [55] [56] For these reasons, it is not used in this form in the cathode materials of commercial cells, but requires defect substitution, such as the intentional introduction of excess Li. Therefore, the materials with excess Li substituted, in the range 0.05 r y r 0.2 (y = excess Li fraction), are more representative of the materials actually used in commercial Li-ion cells. 2, 53 Our primary aim is not to assess the trends in the discharge capacity or Coulombic efficiency of these compounds as a function of the composition. Rather, we show how shape changes in the voltage profiles themselves can be related to changes in the underlying excess Li (point defect) concentration in the electrode materials. We show results over the entire compositional range 0 r y r 0.2 to provide the maximum number of data points to validate our model and clearly identify the trends in the changes in shape of the curves. The first and second charge/discharge profiles are shown in Fig. 3 . Here, each full cycle denotes one charge followed by one discharge; no electrochemical treatment was performed prior to the first cycle. The capacity during the first charge decreases monotonically with increasing amount of excess lithium, y. The stoichiometric compound LiMn 2 O 4 reaches a first cycle capacity (during charge) of 120 mA h g À1 whereas Li 1.2 Mn 1.8 O 4 only reaches 100 mA h g À1 .
The stoichiometric compound loses approximately 30 mA h g À1 in the first cycle, which is comparable to the capacity loss shown in another study of stoichiometric LMO. 54 The instability of this compound during electrochemical characterisation is well known. 34, [54] [55] [56] Hao et al. 54 attributed the loss of capacity to particle cracking and a concomitant loss of active material. Alternative explanations that have been proposed are Mn disproportionation and structural distortions, such as the Jahn-Teller effect. 4, 34, [53] [54] [55] [56] The absolute capacity loss between the first charge and discharge cycles varies systematically with y. As shown in Table 4 , excess Li raises the average oxidation state (AOS) of Mn, reducing the fraction of Mn 3+ and hence reducing capacity loss due to Mn disproportionation 6 and structural distortions.
The curves obtained during the second cycle are more representative of the performance of the cathode materials and hence these curves were used for further analysis of differences in shape in the voltage profiles as a function of the material composition. In stoichiometric LiMn 2 O 4 , a kink in the voltage profiles can be observed at around 4.05 V; as the amount of y increases the kink becomes progressively less visible. This feature has been attributed to an order/disorder transition in the Li/vacancy structure. 25, 29, 34, 36, 37, 57 This effect is also visible in the incremental capacity (dQ/dV) curves shown in Fig. 4 . The peak amplitudes at about 4 V and 4.15 V decrease with increasing 16d lithium content, y. We can attribute this effect to a suppression of the order/disorder transition, as shown previously by us 37 and others. 21, 25, 34 We and Gao et al. 50 proposed that the ordered phase, Li 0.5 Mn 2 O 4 , is suppressed by pinned Li sites, as shown in Fig. 5 . Table 4 gives an overview of the theoretical average oxidation state (AOS) of the samples and highlights the occupied 8a Li sites in the charged and discharged states. It has been proposed that a proportion of Li, x pin remains ''pinned'' on some of the 6 8a sites in the neighbourhood of each substituted 16d Li site. 34 To retain charge balance, the proportion of pinned Li sites would be 3y.
A further observation is that the two peaks, Q 1 0 and Q 2 0 in dQ/dV ( Fig. 4 ) are of unequal amplitudes, widths and shapes. This is true for all y values but the effect is more pronounced for low y. The issue previously been described but its origin is controversial;
it could arise from the permselectivity effect during Li (de)insertion or from elastic contributions. [58] [59] [60] We propose that it is related changes in interactions in the system during Li (de)insertion as well as the effect of the pinned Li sites, as we show in Section 3.5. The dQ/dV profiles can be validated further through entropy profiling (Section 3.3) and modelling (Section 3.5). We can directly compare dQ/dV with the thermodynamic information obtainable through entropy profiling, as presented in the next section.
Entropy profiles
Entropy profile results, as a function of the excess Li amount, y, are shown in Fig. 6 . For y = 0, two peaks are observed in the profiles at about 4 V and 4.1 V. The results show a systematic decrease in the amplitude of the two peaks as y increases. These peaks, S 1 0 and S 2 0 , occur due to a transition to an ordered phase, Li 0.5 Mn 2 O 4 , close to x = 0.5, and a transition to a disordered solid solution region either side of x = 0.5. 29 24, 25 and previously modelled by us using Monte Carlo methods. 37 Within the hypothesis that the reduction in the amplitudes of S 1 0 and S 2 0 arises from the pinned Li sites, two populations of Li in the 8a sites should be considered: the total 8a proportion, 3y r x r 1, and only the fraction of removable Li, 0 r x r r 1. These populations are related by Fig. 4 Incremental capacity curves dQ/dV, obtained from the second cycle in Fig. 3 . The two peaks, Q 1 0 and Q 2 0 , are highlighted. In entropy profiling, only entropy changes arising from the removable Li population are probed, since in the approximation we have adopted here, the pinned sites adopt one fixed, immovable configuration over the experimentally measured voltage range. Thus
This is consistent with the fact that we defined DS per mole of removable Li in eqn (1), allowing entropy changes in the anode and cathode to be compared in a 1 : 1 fashion. We can gain further insight to interpret the entropy and voltage profile results through modelling, as shown in the subsequent section. This also allows us to compare profiles with respect to the two 8a Li populations, x r and x. Fig. 7 and 8 .
The overall trend in peak amplitude is most clearly shown by plotting the profiles as a function of x, as in Fig. 8. Fig. 8c shows that with J 1 = 0 meV, the lithium ions are distributed with the same probability over all sites in the lattice, with a maximum in the entropy, at x = 0.5 as expected for an ideal solid solution. In the region 0.0 o J 1 o 25 meV, the entropy maximum at x = 0.5 slowly decreases with J 1 . At J 1 = 25 meV, incomplete peak separation results in a flat entropy maximum. The increase in lateral repulsions is also reflected in the voltage profiles, shown in Fig. 8a , which indicate a widening of the voltage window as a function of J 1 . Increasing J 1 further causes the formation of two distinct entropy peaks, as shown Fig. 8c . The peak magnitudes increase with higher J 1 . This is related to the formation of an ordered phase at x = 0.5, which is stable over an increasing voltage range as J 1 increases. The x values of the entropy maxima correspond very closely to the two maxima observed in dx/dV, as shown in Fig. 8b . These profiles, proportional to dQ/dV, show extra peaks compared with the entropy response, because of the Li-Li interactions from the J 1 parameter. Eventually, at the most extreme values of J 1 , the two sublattices are filled sequentially and can be treated as two independent solid solutions, resulting in a discontinuity in the partial molar entropy (black line in Fig. 8d ). These results are in line with the ones of Otero et al. who applied a very similar statistical mechanical model to Li intercalation in graphite, 32 along with previous models of LMO. 29, 34, 46, 58 Trends in the peak variation with J 1 , with respect to voltage, are shown in Fig. 7 . Both profiles show the voltage window widening with increasing Li-Li repulsion, J 1 , consistent with the voltage profiles in Fig. 8a . Consequently, the peak separations with respect to voltage in dx/dV and dS/dx increase even further with J 1 than in Fig. 8b and d , with the result that the experimentally obtained profile separations are extremely sensitive to the interaction parameters.
3.4.2 Effect of varying J 2 . A comparison with the experimental results, Fig. 3, 4 and 6 suggests that repulsive J 1 on the order of 30 meV is required. To more accurately model the sharp peak in dx/dV, previous work introduced an attractive next nearest neighbour parameter, J 2 . 29, 34, 46 We show the effect of attractive (negative) and repulsive (positive) J 2 with constant J 1 on the experimental observable profiles in Fig. 9 .
The voltage profiles, Fig. 9a , show the trend in the change of voltage window with J 2 to be similar to that of J 1 , i.e. the window widens with an increase in parameter value. However, the change in slope between about 3.95 and 4.10 V becomes more pronounced with attractive J 2 , while repulsive J 2 suppresses it, i.e. both parameters have opposite effects on the order/disorder transition. The effect is even more clearly shown by the dx/dV and dS/dx profiles, Fig. 9b and c. Therefore, the two parameters have clearly distinguishable effects. In particular, the peak profile separation increase with decreasing J 2 is much less marked than when J 1 is increased. Alternatively, for the same peak separation much greater amplitude changes can be obtained by varying J 2 rather than J 1 .
3.4.3 Effect of varying d. The result for dx/dV, Fig. 9b , suggests that to model the sharp peak, Q 1 0 , observed for Li x Mn 2 O 4 , a small attractive interaction on the order of J 2 = À1 meV is required. However, regardless of the parameter values, the symmetry between Li and vacancies is always preserved, due to the symmetry of pairwise interactions. In contrast, Fig. 4 , along with other studies of Li x Mn 2 O 4 , 34, 48, 61 show two peaks, Q 1 0 and Q 2 0 , with distinct widths and amplitudes, indicating changes in the lattice during Li (de)insertion. To simulate the effect, we introduce a linear correction term d, between the interaction J 2 on the most and least occupied sublattices, as shown in eqn (5) and (6) . The results are shown in Fig. 10 . Increasing d increases the peak amplitude difference between Q 1 0 and Q 2 0 . This reflects the actual changes seen in experiments, as shown in Fig. 4 . The change in interaction parameter could be due to lattice expansion during intercalation as observed by Yang et al. 62 and Palacin et al. 63 using in situ XRD. 3.4.4 Effect of excess Li, y, with constant energy parameters. Results for variable Li excess, y, are presented, using the optimal interaction parameters determined for y = 0, Li x Mn 2 O 4 . Fig. 11a-c show results considering the total amount of Li in the structure, 3y r x r 1. Results are plotted with respect to removable Li, 0 r x r r 1, in Fig. 11d-f .
The results in Fig. 11a and b are in general agreement with those of Gao et al. 34 The pinned Li sites cause a reduction in available capacity. Moreover, they result in a suppression of the order/disorder transition, also visible in the entropy profiles, Fig. 11c , as well as smaller dx/dV peaks, shown in Fig. 11b . For the first time we can also see that the peak amplitude difference resulting from the constant energy separation, d = 1.25 meV, between the J 2 interaction parameter on each sublattice, is also suppressed with increasing y. These results are all in qualitative agreement with experiment, providing validation of the model.
Because the practical capacity of these electrodes changes during charge/discharge cycling, and there are uncertainties associated with determining the voltage limits at the two extremes of the solid solution region x r -0 and x r -1 it can be difficult to relate the vertical scales between models and experimental data. Showing the same results with respect to the removable Li population, as in Fig. 11d -f allows us to directly compare simulated and experimental curves.
In the simulated voltage profiles, Fig. 11d , the low voltage plateau as x r -0 remains at constant voltage whereas the plateau at high voltage shifts negative in potential with increasing excess Li, y. Likewise peak Q 2 0 in dx r /dV (Fig. 11e ) remains centred on nearly the same voltage regardless of the excess Li amount whereas Q 1 0 is shifted negatively. Regardless of the x scale that is considered ( Fig. 11c and f) , both entropy profile peaks, S 1 0 and S 2 0 , shift negatively with changing y. Fig. 11f shows a systematic trend in the suppression of S 1 0 and S 2 0 . As shown in eqn (24) , this scale, rather than one in Fig. 11c , relates to the experimentally accessible DS. Although the slope of the curve, dDS/dx r , is independent of the defect concentration for voltages V 4 4.15 V, there is a lateral separation in the curves. This separation, shown also in the right hand side of Fig. 11d -e, arises from different net Li-Li interactions resulting from the different number of pinned sites. These interactions become identical in the Li filled lattices so the left hand sides of each profile tend to the same value. 
Relating simulated and experimental results
We directly compare simulated and experimental voltage ( Fig. 12a-c) , dx r /dV ( Fig. 12d-f ) and entropy profiles ( Fig. 12g-i) . Three scenarios are considered: in model 1 (M1), the interaction parameters which optimally fitted the profiles for Li x Mn 2 O 4 by the method described in Section 2.5 were assumed to remain constant with respect to the excess Li amount, y, in the same way as the results presented in Fig. 11d-f . The observed changes then resulted only from the effect of pinned Li. In model 2 (M2), profiles were individually optimised for each y value, and all interaction parameters were allowed to vary. For clarity, the shift in the entropy change scale due to the vibrational entropy parameter, DS vib was omitted from the lines M1 and M2 in Fig. 12g -i. Consequently, these two curves are vertically shifted from the experimental data points, since the only effect of the DS vib parameter is to cause a vertical shift in the entropy change scale. Model 2b (M2b) is identical to M2 except that the contribution from DS vib is included in the former curve. All experimental profiles were normalised with respect to the actual capacity of the second discharge cycle, and hence we consider our model with respect to the removable Li content, x r , similarly to the right hand column of Fig. 11 . A comparison of the results from M1 with the experimental profiles reveals that, while the pinned Li effect partly explains the reduced amplitudes in dx r /dV and system entropy values with increasing y, the model suggests that the intercalation potential window narrows more than is actually observed. Furthermore, the upper voltage plateau shifts negatively with increasing y, which is not reflected in the experimental data. Consistently with our previous Monte Carlo study of point defects in Li x Mn 2 O 4 , 37 the pinned Li sites in the model cause an excessive suppression of the amplitude of the entropy profile peaks. There, only one pinned Li site per defect was assumed, resulting in quantitative differences between the model and experimental results at 30% defect concentration. Here, with 3 times as many pinned Li sites, the discrepancy can be seen at 10% and 20% defect concentration, as shown in Fig. 12h and i. Table 5 shows the optimised interaction parameters within the assumptions of model 2b (M2b). There is a trend towards increasing repulsion in both the nearest and second nearest neighbour interactions, J 1 and J 2 , as the Li excess, y, increases. However, changes in the interaction across the intercalation range must be taken into account to explain the changes observed in the dQ/dV peaks. For J 2 , the (net) interaction switches from being attractive for y = 0, to weakly repulsive for y = 0.10, to repulsive for y = 0.20. There is also a trend towards a higher point term e 0 as y increases, indicating increasing Li-lattice attraction. The observed trends are consistent with the experimentally determined decrease in the lattice constant as a function of y. The reduced nearest neighbour distance would be expected to lead to an increase in Coulombic repulsion between positively charged Li ions in the lattice. We do not have an explanation for the increase in the d term with y but it could result from changes in the Coulombic screening across the intercalation range in combination the changing oxidation state of the surrounding Mn ions.
In terms of the numerical values from fitting the simulations to experiments, the optimised values of e 0 and J 1 determined for the stoichiometric compound, 4.11 eV and 30.7 meV respectively, are very close to those reported in the literature. Kim and Pyun reported 4.12 eV and 37.5 meV by fitting galvanostatic intermittent titration technique (GITT) curves using Monte Carlo methods 29 while Gao et al. reported 4.145 eV and 37.5 meV using mean field methods. 34 The negative sign of J 2 determined in the present work is consistent with these works but the magnitude, | J 2 | = 0.5 meV, is somewhat lower. Gao et al. determined J 2 = À5 meV 34 while Kim and Pyun reported J 2 = À4 meV. 29 The discrepancy likely results from the extra degree of freedom and physical insight allowed by the d parameter; it can be seen from Fig. 9 that the reported values of J 2 would result in dQ/dV peaks much sharper and narrower than the experimental ones. It is not possible to compare the values determined as a function of y since prior work assumed that the interaction parameters did not vary as a function of the defect concentration. 34, 46, 64 The effect of the fitting process itself on the determined parameters can also be considered, as shown in Fig. 12j-l . This method is known as ''parallel coordinates'' and is described elsewhere. 65, 66 All input parameters in the optimisation procedure and a map to the resulting values of the objective function ( f (y)) from the fitting procedure are shown. For clarity, the values of DS vib were omitted from Fig. 12j -l as the convergence of the optimisation procedure was found to be insensitive to this parameter. To produce these plots, all data from the brute force method and the simplex procedure were aggregated together. The values of the fit to the individual curves, dQ/dV and entropy profiles, are denoted here as 4Q 0 and S 0 , respectively. A more comprehensive presentation of the fitting to all the experimental results is shown in the ESI, † Fig. S2 . Fig. 12j and k show that, for y = 0 and y = 0.1, the minimum 4Q 0 and S 0 values almost exactly coincide with the weighted fit to both curves, f (y). However, with increasing amounts of excess Li, most clearly shown at y = 0.2 in Fig. 12l , quantitative differences between the fits to the two curves arise. The figure shows that the total objective value, f (y) is almost exactly coincident with the value of S 0 , while the overall optimum value for dQ/dV, denoted by 4Q 0 , is linked to a different set of input energy parameters than the global optimum. However, the qualitative interpretation of increasing Li-Li repulsion is unaffected by fitting individually to dQ/dV or entropy profile curves, or a weighted sum of both curves, as shown in the ESI, † Fig. S2 .
In general, Fig. 12j and k indicate increasing complexity in determining the overall optimum f (y) as the excess Li amount, y, increases. The reason is that the peak widths and amplitudes of dQ/dV and entropy profiles become broader and weaker, respectively, as y increases. Consequently, there is less available information to determine the optimal parameter set. For example, for y = 0.2, a decrease in J 1 can be compensated for by an increase in J 2 with a minimal change in the fit quality. This observation has important implications for modelling voltage and entropy profiles in commercial cathodes with mean field methods because these electrodes are designed to intentionally suppress order/disorder transitions, i.e. peak amplitudes are reduced.
It is also likely that the assumption of the Bragg-Williams approximation that there are no correlations between the sublattice occupancies (i.e. that hn 1 n 2 i = hn 1 ihn 2 i), becomes weaker as more pinned Li sites are present in the system. Therefore, we plan to validate these parameters further by performing Monte Carlo simulations using effective cluster interactions determined by density functional theory (DFT) calculations. Based on the work presented here, these simulations will account for changes in the lateral interaction parameters dependent on the lattice parameter. The simulations will determine the point terms in the near neighbourhood of the defects, therefore allowing for local clustering in the orbit of the defects, which could not be captured by the present model. However, the real value of the comparison between the experimental and simulated results is that the method allows for high throughput determination of the trends in the parameters, providing physical insight into the origins of the changes in the peaks.
Conclusions
We investigated the effect of excess Li, y (0 r y r 0.2) in Li 1+y Mn 2Ày O 4 on entropy, voltage and dQ/dV profiles. Through numerical optimisation, we compared the results from a mean-field model with experimental entropy and dQ/dV results. From this work the following insights can be drawn:
(1) Entropy profiles revealed a systematic suppression of the order/disorder transition in the Li/vacancy structure as a function of the amount of excess Li, y, in the lattice.
(2) For all compositions, dQ/dV showed two peaks of unequal magnitudes and shapes. In accordance with previous work, these peaks were also suppressed by excess Li.
(3) Both profiles were modelled through mean-field simulations. An inherent problem in conventional models based on pairwise interactions is profile symmetry either side of x = 0.5, contrary to the experimental profiles. To model the observed peak asymmetry, simulations included a single correction term which allowed the interaction parameters to vary linearly over the intercalation range.
(4) Fitting both profiles through numerical optimisation revealed that pinned Li sites, proportional to the defect fraction x pin = 3y, resulted in an overestimation of the peak magnitude suppression if the interaction parameters were assumed to be unaffected by the defect concentration, y.
(5) The optimised interaction parameters indicated increased Li-Li repulsion and increased Li-lattice attraction (point term) with increasing excess Li, y.
(6) The same trend was obtained when separately optimising simulated fits to dQ/dV and entropy profiles, or when fitting a weighted sum of both profiles. Quantitative differences between the parameter values from individually optimised fits suggest limitations in the mean-field approximation for high excess Li spinels.
The work provides insight into the physical origins of the peaks in electrochemical and thermodynamic profiles of Li-ion cells, which could lead to a better understanding of the changes observed in aged cells. We highlight the importance of accounting for interaction parameter changes during intercalation, possibly resulting from elastic contributions or charge transfer (changes in oxidation state) during Li (de)insertion. Furthermore, numerical optimisation revealed challenges in fitting the profiles of electrodes in which order/disorder transitions have been intentionally suppressed, as in commercial cathodes. This suggests that the mean-field approximation, widely adopted in the battery community because of its high throughput, requires additional refinement to fully capture the physical processes during intercalation. Therefore, we plan to compare the results of mean-field simulations with Monte Carlo simulations parameterised by effective cluster interactions from DFT calculations, including effects arising from changes in the lattice during Li (de)insertion.
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